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Effects of a uniform magnetic field, the plasma inhomogeneity, and dust charge fluctuations on low-
frequency dust-lower-hybrid drift waves have been investigated. Charging currents of electrons and ions to a
spherical dust grain in a nonuniform magnetized dusty plasma have been calculated to study the charge
fluctuation induced damping or growth of low-frequency drift waves. It is found that for strongly magnetized
electrons and ions, the charge fluctuation damping is reduced significantly from that of an unmagnetized
plasma. For sufficiently hot electrons, the drift wave exhibits instability in the absence of dust charge fluctua-
tion damping.
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I. INTRODUCTION

Dusty plasmas are frequently found in space and labora-
tory environments where plasmas contain electrons, ions,
and extremely massive, highly charged dust grains[1,2].
Waves and instabilities constitute the major part of basic re-
search with emphasis on low-frequency electrostatic waves
with and/or without the presence of a static magnetic field in
dusty plasmas in recent years[3]. It has been shown that in
the presence of low-frequency electrostatic waves, dust
charge fluctuations lead to an additional damping mechanism
in addition to Landau damping of these modes in a uniform,
unmagnetized dusty plasma[4–6].

However, most laboratory and astrophysical dusty plas-
mas are almost invariably nonuniform in density and are
confined by a homogeneous magnetic field either in ambient
conditions, or is applied for convenience to control plasma
confinement. Therefore, it is of much practical interest to
make a rigorous investigation of the low-frequency waves
and their instability in the presence of a uniform magnetic
field in an inhomogeneous dusty plasma. Recently, the effect
of an external uniform magnetic field on equilibrium charg-
ing currents to spherical dust grains and consequent dust
charge fluctuation damping of the low-frequency dust-lower-
hybrid waves has been examined in a homogeneous dusty
plasma[7]. In this paper, we investigate the effects of the
plasma inhomogeneity and a uniform magnetic field on the
low-frequency dust-lower-hybrid waves and their instability
(damping or growth) in a nonuniform dusty magnetoplasma.

In Sec. II, we derive the perturbed distribution function
for plasma particles in the presence of low-frequency elec-

trostatic waves in an inhomogeneous magnetized dusty
plasma using the method of guiding center coordinates[8,9].
Expressions for dust charge fluctuations due to perturbed
currents in the presence of electrostatic waves in a nonuni-
form dusty magnetoplasma are derived in Sec. III. Using the
Poisson equation, including dust charge fluctuations, we then
obtain in Sec. IV the dispersion relation which predicts the
damping or the growth rate of electrostatic drift-kinetic
waves for two important parameter regimes. The effects of
the external magnetic field and the scale length of plasma
inhomogeneity are also discussed in Sec. IV. Finally, a brief
discussion of the results is presented in Sec. V.

II. LINEAR PERTURBED DISTRIBUTION FUNCTION

We consider small amplitude electrostatic waves propa-
gating in a collisionless inhomogeneous plasma in a uniform
magnetic fieldBI Si ẑ,

FsxI,td = f0e
−isvt−kI·xId, s1d

wheref0 is the amplitude of the wave. The response of the
plasma particles to this electrostatic perturbation can be de-
scribed by the Vlasov equation,

]Fj

]t
+ svI ·¹I dFj +

qjEI

mj
·¹I vFj = 0, s2d

whereFj is the total distribution function of thej th species,
EI =−¹I F, andqj, mj are the charge and mass of thej th spe-
cies, respectively.

For convenience, we express the Vlasov equation in terms
of the guiding center variables,

FsxI,vI ,td = FsxIg,m,u,pz,td, s3d

where

*Email address: msu@juniv.edu
†Also at Department of Physics, Umeå University, SE-90187

Umeå, Sweden and Centre for Interdisciplinary Plasma Science,
Max-Planck Institut für Extraterrestrische Physik und Plasma
Physik, D-85741 Garching, Germany.
Email address: ps@tp4.rub.de

PHYSICAL REVIEW E 70, 026404(2004)

1539-3755/2004/70(2)/026404(5)/$22.50 ©2004 The American Physical Society70 026404-1



xIg = xI −
vI 3 vI cj

vcj
2

, s4d

with vcj=qjBs/mjc, and

5 m = mjv'
2 /2vcj,

u = tan−1svy/vxd,

pz = mjvz.
6 s5d

The time-dependent velocity components can be described
by

v̇I =
qjEI

mj

+ vI 3 vI cj, s6d

where the overdot denotes the time derivative of the quantity
involved.

Using the identity,

e−isvt−kI·xId = e−isvt−kI·xIgdo
n

Jnsk'rdeinsu−dd, s7d

and Eqs.(4)–(6), one obtains[8,9]

ẋg = −
iqjkyf0

mjvcj
o
n

Jnsk'rdeinsu−dde−isvt−kI·xIgd,

ẏg =
iqjkxf0

mjvcj
o
n

Jnsk'rdeinsu−dde−isvt−kI·xIgd,

żg = ż,

ṁ = −
]H

]u
,

u̇ =
]H

]m
,

ṗz = mv̇z = − iqjkzf0o
n

Jnsk'rdeinsu−dde−isvt−kI·xIgd, s8d

where H=mvcj+pz
2/2mj +qjF, r=v' /vcj, u is the angle

made byv' with the x axis,d is the angle made bykI' with
thex axis, and the symbol' denotes a quantity perpendicu-
lar to thez axis.

The Vlasov equation in the guiding center coordinates can
be written(omitting subscriptj) as

]F

]t
+ ẋIg

]F

]xIg
+ ṗz

]F

]pz
+ ṁ

]F

]m
+ u̇

]F

]u
= 0. s9d

In equilibrium, ] /]t=0, EI =0, ṁ=0, ṗz=0, ẋIg=0, u̇=vcj,
and the distribution function is a constant of motion,

F = f0
0sm,pz,xg,ygd. s10d

We consider only one-dimensional inhomogeneity in the
equilibrium particle density,

n0 = n0
0S1 +

x

Ln
D , s11d

where Ln=−n0
0/n08 with n08=]lnn0sxd /]x. The equilibrium

distribution function can be taken as

f0
0 = n0

0S1 +
xg

Ln

D fMsm,pzd, s12d

where fM can be taken as the Maxwellian,

fM =
1

s2pd3/2vt
3e−smvc+pz

2/2md/T, s13d

with vt=sT/md1/2. Using Eq.(7), Eq. (1) can be written as

FsxI,td = f0e
−isvt−kI·xIgdo

n

Jnsk'rdeinsu−dd, s14d

and Eq.(9) can be written withF= f0
0+ f as

]f

]t
+ vz

]f

]z
+ u̇

]f

]u
+ ẋg

]f0
0

]xg
+ ṁ

]f0
0

]m
+ ṗz

]f0
0

]pz
= 0. s15d

Expressing the perturbed distribution function in the pres-
ence of the potentialF,

f = o
n

fne
insu−dde−isvt−kI·xIgd, s16d

we solve Eq.(15) to obtain

fn = −
n0

0qf0Jnsk'rd

v − kzvz − nvc

FS1 +
xg

Ln

DSn
]fM

]m
+

kz

m

]fM

]vz

D
+

kyfm

mvcLn

G . s17d

Thus

f = − n0
0qf0e

−isvt−kI·xIdo
l

o
n

Jlsk'rdJnsk'rd

v − kzvz − nvc

FS1 +
xg

Ln

D
3Sn

]fM

]m
+

kz

m

]fM

]vz

D +
kyfm

mvcLn

Geisn−ldsu−dd. s18d

It is noticed from Eqs.(4) and (6) that the guiding center
coordinatesxIg are a function of the wave potential. Hence,
finally, the linearized perturbed distribution function for the
j th species in terms of the Maxwellian distribution function
fMj is given by

f jsv,kId = −
n0j

0 qjFsv,kId

Tj

o
l

o
n
S1 −

v − v j
*

v − kzvz − nvcj

D
3 Jlsk'rdJnsk'rdeisn−ldsu−ddfMj , s19d

wherev j
* =kyTj /mjvcjLnj is the diamagnetic drift frequency

andLnj is the scale length of inhomogeneity of thej th spe-
cies.
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III. DUST CHARGE FLUCTUATIONS IN NONUNIFORM
DUSTY MAGNETOPLASMAS

We consider electrostatic perturbationssv ,kd accounting
for dust charge fluctuations. The charging equation for dust
particles in a dusty plasma is

dtQd1 = Ie1 + I i1, s20d

whereQd1 is perturbation of the dust charge in the presence
of the perturbed electron and ion currentsIe1,i1 are associated
with the perturbed plasma particle distribution functions in
the electrostatic field of the low-frequency wave. Here,v
andk are the frequency and the wave vector, respectively.

To calculate the perturbed currents of magnetized elec-
trons and ions in inhomogeneous plasma, we assumere,i
ùa, wherea is the average radius of the dust grains andr j is
the Larmor radius of the speciesj (j is equal toe for elec-
trons,i for ions andd for dust grains). We employ the guid-
ing center coordinates[8,9] and obtain the perturbed distri-
bution function in the presence of the electrostatic potential
Fsx ,td, f j1sx ,v ,td given by Eq.(19).

In the presence of low-frequency electrostatic fields, the
charging current perturbations are

I j1sx,td ; R J j ·dS

= 2pa2qj E sv' cosu + v' sinu + vidf j1dv, s21d

wheref j1 is given by Eq.(19). Using Eq.(21) and following
Ref. [7], we then obtain, after straightforward calculation, the
charging currentsI j1 of electrons and ionss j =e, id in the
inhomogeneous dusty magnetoplasma as

I j1sx,td = − 4pa2qjnj0

qjFsx,td

Tj

expS−
qjFG

Tj

DS Tj

2pmj

D1/2

Yj ,

s22d

where

Yj = Yj
1 + Yj

2 + Yj
3, s23d

with

Yj
1 =Îp

2
o
n

nvcj

k'vt j

In exps− bjdF1 +
v − v j

*

Î2kivt j

ZsjnjdG ,

s24d

Yj
2 = − iÎp

2

k'vt j

vcj

o
n
F1 +

v − v j
*

Î2kivt j

ZsjnjdG d

dbj

fIn exps− bjdg,

s25d

Yj
3 =Îp

2

v − v j
*

kivt j
o
n

In exps− bjdf1 + jnjZsjnjdg, s26d

and jnj=sv−nvcjd /Î2kivt j, bj =k'
2 vt j

2 /vcj
2 , with vt j

=sTj /mjd1/2. In obtaining Eq.(22), we have assumed that the

dust grain surface potential is constant. Here,FG=Qd0/a is
the grain surface potential, andQd0 is the equilibrium charge
of a spherical dust grain of radiusa.

It should be mentioned here that for a sufficiently large
magnetic field, the electrons and ions of a plasma may be
constrained to move in one dimension as if the gyrating par-
ticles are glued to the magnetic field. In this case where
re,i ,a, the shadow effect may be significant and the dust
grains will not collect the same currents[10]. For a highly
collisional unmagnetized plasma with small mean-free path
lmfp compared to the intergrain distancer0 slmfpø r0d, the
shadow effect may also be neglected and the dust grains will
collect the same currents. However, for a moderately strong
magnetic field withre,i ùa, the three-dimensional motion of
the gyrating electrons and ions in velocity space must be
taken into account with an appropriate distribution function.
Our main aim in the present paper is to derive the distribu-
tion function by solving the Vlasov equation for an inhomo-
geneous magnetoplasma and calculate the charging currents.
The results obtained are analyzed to find the instability or
damping of very low-frequency electrostatic waves in the
nonuniform dusty magnetoplasma.

IV. DISPERSION RELATIONS

We now consider two different parameter regimes of prac-
tical interest of our nonuniform dusty magnetoplasma to ob-
tain the low-frequency dust-lower-hybrid drift wave disper-
sion relations and their damping or growth in Secs. IV A and
IV B.

A. Strongly magnetized electrons and ions

For the low-frequency dust-lower-hybrid drift waves, we
assume that the electrons and ions are strongly magnetized,
and that the dust component is cold and unmagnetized:

v ! vcj, j = e,i

k'vt j ! vcj,

kivt j ! uvu, uv − nvcju. s27d

Since the drift wave frequency is typically much larger than
the dust plasma and dust gyrofrequencies, i.e.,v@vpd,vcd,
the dust grains can be considered immobile.

By integrating Eq.(19) within proper limits one can easily
obtain the charge number density perturbation,njsv ,kd
;−x jk

2Fsv ,kd /4pqj. Thus, we calculate the electron and
ion susceptibilities in view of the approximations in Eq.(27),
and obtain

xe =
1

k2lDe
2 F1 +

v − ve
*

Î2kivte

ZSv − nvce

Î2kivte

Ds1 − bedG,

=
ve

*

vk2lDe
2

+
v − ve

*

v
Sk'

2

k2

vpe
2

vce
2

−
ki

2

k2

vpe
2

v2
D . s28d

For ki
2!k'

2
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xe .
ve

*

vk2lDe
2

+
v − ve

*

v

vpe
2

vce
2

. s29d

Similarly, for the ions we have

xi .
vi

*

vk2lDi
2

+
v − vi

*

v

vpi
2

vci
2

. s30ad

Neglecting the inhomogeneities and considering the cold
magnetized electrons and ions and unmagnetized cold dust
component, one readily obtains the usual dust-lower-hybrid
wave[11] propagating nearly transverse to the external mag-
netic field direction frome=1+xe+xi +xd=0. We have

v2 < vdlh
2 S1 +

ki
2

k'
2

vpe
2

vpd
2 D , s30bd

wherevdlh
2 =vpd

2 vci
2 /vpi

2 , vpi
2 @vci

2 , andk'
2 @ki

2.
We write nj =nj0+nj1 andQd=Qd0+Qd1 where the quan-

tities with subscript 1 denote perturbed quantities due to the
presence of any low-frequency wavesv ,kd. Thus, from Eq.
(20), we obtain, following Varmaet al. [4],

Qd1 = − ibsvdF/v, s31d

where

bsvd =
a2

Î2p
Fvpe

lDe
expSeFG

Te
DYesvd +

vpi

lDi
S1 −

eFG

Ti
DYisvdG .

s32d

Here, lDj =vt j /vpj, vpj=s4pnj0qj
2/mjd1/2, and Ye,isvd is

given by Eq.(23) depending on conditions of the wave per-
turbation and plasma parameters. For the conditions here in
Sec. IV, e.g., in Eq.(27), we have

Yj .Îp

2
s1 − bjdF k'vt j

vcj

Hv − v j
*

vcj

+ iS1 −
v − v j

*

v
S1 +

ki
2vt j

2

v2
DDJ −

v − v j
*

v

kivt j

v
G .

s33d

If we assumeki /k'!v2/vcj
2 and neglect the small imagi-

nary term, the factorYj s j =e, id that modify the charge fluc-
tuation factorb of the magnetized plasma turns out to be

Yj <Îp

2
s1 − bjd

k'vt j

vcj

v − v j
*

vcj

. s34d

Let us now demonstrate how the external magnetic field
and the scale length of plasma inhomogeneity affect the
damping of a drift-kinetic wave propagating perpendicular to
the magnetic field direction. Forvcd, kvtd, kivti, kivte! uvu
!vci!vce, uvu@vpd, vcd andbe,i !1, the electrons and ions
are strongly magnetized, while the cold and unmagnetized
dust grains are considered immobile.

The Poisson equation in the presence of a low-frequency
mode and dust charge fluctuations is

k2F + 4psne1e− ni1e− nd1Qd0 − nd0Qd1d = 0, s35d

where Qd1 is given by Eq. (31). Inserting ne1,i1
=±k2xe,iF /4pe, nd1=0, andQd1 given by Eq.(31), we ob-
tain esv ,kdFsv ,kd=0, where

esv,kd = 1 +xe + xi +
i4pnd0b

k2v

= 1 +
ve

*

k2lDe
2 v

+
vi

*

k2lDi
2 v

+
vpi

2

vci
2
S1 +

ne0me

ni0mi

D −
ve

*

v

vpe
2

vce
2

−
vi

*

v

vpi
2

vci
2

+ i
4pnd0b

k2v
.

. 1 +
vpi

2

vci
2

−
vi

*

v

vpi
2

vci
2
S1 +

Te

Ti

me

mi

ne0

ni0

Lni

Lne

D + i
4pnd0b

k2v
.

s36d

In the above,ki
2!ki

2 and vpe,i
2 /vce,i

2 @1/k2lDe,i
2 have been

assumed. By equating the real and imaginary parts frome
=0, we obtain the dispersion relation for the dust-lower-
hybrid drift waves as(with v;vR+ ig)

vR = vi
*S1 +

Te

Ti

me

mi

ne0

ni0

Lni

Lne
D , s37d

and the damping rate of this drift wave due to the dust charge
fluctuation as

g = −
4pnd0b

k2svpi
2 /vci

2 d
, s38d

for vpi
2 @vci

2 . Comparing this with Eq.(20) of Ref. [7] we
find that the dust charge fluctuation damping of the low-
frequency drift wave is less than that of the usual dust-lower-
hybrid wave or the dust-acoustic wave by a factorvpi

2 /vci
2 ,

which is greater than 1. Hence, the low-frequency dust-
lower-hybrid drift wave is more stable than the usual dust-
acoustic and dust-lower-hybrid waves.

B. Hot electrons

Here, we study the dust-lower-hybrid drift instability in
the presence of dust-charge fluctuation damping in a nonuni-
form magnetized dusty plasma where the electrons are ther-
mal, the ions are strongly magnetized, and the dust grains are
immobile (cold and unmagnetized) as v@vpd,vcd. Conse-
quently, the following conditions are valid for this case:

vcd ! v ! vci ! vce,

kivte @ uvu, uv − ve
* u, uv − nvceu,

kivti ! uvu, uv − nvciu,

be,i ! 1. s39d

Thus, we have
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xe =
1

k2lDe
2 F1 + iÎpS v − ve

*

Î2kivte
DG ,

xi =
1

k2lDi
2

vi
*

v
+

v − vi
*

v
Sk'

k2

vpi
2

vci
2

−
ki

2

k2

vpi
2

v2
D , s40d

xd = 0.

Using the conditions given by Eqs.(39) and following the
procedures in Sec. IV A, we obtain the dispersion relation
for the dust-lower-hybrid drift wave and the damping rate in
the presence of charge fluctuation dampingsv;vR+ igd

vR = −
ni0

ne0

Te

Ti

vi
*

1 + k'
2 rs

2 , s41d

g = FÎp

2

vR

kivte

kyckBTe

ne0e
2B0

]

]x
sqd0nd0d − 4pnd0blDe

2 G ,

s42d

wherek'
2 rs

2!1 with rs=vpilDe/vci. For this case, Eqs.(39),
the modification factors inbsvd, given by Eq.(33), upon
simplification reduce to

Ye .Îp

2
s1 − bedSv − ve

*

kivte
+ i

k'vte

vce
D , s43d

Yi .Îp

2

k'vti

vci

v − vi
*

vci
s1 − bid. s44d

Thus, Ye<Îp /2vR/kivte and Yi <Îp /2sk'vti /vcidsvR/vcid
are less than unity, thereby reducing the charge fluctuation
damping in the magnetized plasma[cf. Eq. (32)].

We note from Eq.(42) that when the charge fluctuation
damping is negligible, the drift wave grows if
]sqd0nd0d /]x.0. This instability is due to motion of the elec-
trons in the presence of the drift wave.

V. DISCUSSION

We have investigated the effects of an external uniform
magnetic field and the plasma inhomogeneity on low-
frequency dust-lower-hybrid drift waves in the presence of
dust charge fluctuations in a nonuniform dusty magneto-
plasma. In the presence of low-frequency electrostatic
waves, the dust charging current perturbations were calcu-
lated explicitly to examine the dust charge fluctuation effects.
To calculate the dust charging currents, we employed the
method of guiding center coordinates to solve the Vlasov
equation and obtained the perturbed distribution function in
the presence of low-frequency drift waves. We assumed
spherical dust grains and obtained the dust charge fluctua-
tions. Effects of a homogeneous magnetic field and the dust
density inhomogeneity were included in the dispersion rela-
tion and damping or growth of the drift waves was investi-
gated. It was found that for strongly magnetized electrons
and ions, the charge fluctuation induced damping is reduced
significantly from that of an unmagnetized plasma[cf. Eq.
(38)]. Thus, it was noticed that low-frequency dust-lower-
hybrid drift waves are relatively more stable than usual dust-
acoustic and dust-lower-hybrid waves. For sufficiently hot
electrons, the drift wave exhibits instability in the absence of
charge fluctuation damping[cf. Eq. (42)].
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